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Abstract. Let tp be an analytic function on the open unit disc U such that <p(V) C U, and 
let tp be an analytic function on U such that the weighted composition operator W^,tp defined 
by Wnp^f = tpf o ip is bounded on the Hardy space H 2 (V). We characterize those weighted 
composition operators on _ff 2 (U) that are unitary, showing that in contrast to the unweighted case 
(tp = 1), every automorphism of U induces a unitary weighted composition operator. A conjugation 
argument, using these unitary operators, allows us to describe all normal weighted composition 
operators on H 2 (V) for which the inducing map tp fixes a point in U. This description shows both 
tp and tp must be linear fractional in order for W^, v to be normal (assuming tp fixes a point in U). 
In general, we show that if W^ itp is normal on _ff 2 (U) and tp ^ 0, then tp must be either univalent 
on U or constant. Descriptions of spectra are provided for the operator W^ >v : H 2 (V) — > _ff 2 (U) 
when it is unitary or when it is normal and tp fixes a point in U. 



1. Introduction 

Let H(JJ) denote the collection of all holomorphic functions on the open unit disc U, and let 
H 2 (\J) be the classical Hardy space of U, a Hilbert space consisting of those functions in H(JJ) 
whose Maclaurin coefficients are square summable. Throughout this paper, tp denotes an analytic 
selfmap of U; i.e., an element of iT(U) mapping U into U. A result due to Littlewood [5] shows 
that tp induces a bounded composition operator on H 2 (U) defined by C^f = f o tp. Here, we 
study weighted composition operators « on H 2 (U), which result from following composition 
with tp with multiplication by a weight function tp G H(U); thus, W^^f = tp f o tp. Such weighted 
composition operators are clearly bounded on H 2 (\J) when tp is bounded on U, but the boundedness 
of tp on U is not necessary for Wd,w to be bounded. For example, if tp(JJ) has closure contained in 
U, then tp e H 2 (U) is sufficient to ensure W^ tV : H 2 (U) -> H 2 (U) is bounded. We call W$ tV the 
weighted composition operator induced by tp with weight function tp. 

Normal composition operators on the Hardy space H 2 of the open unit disc are easily character- 
ized. In fact, merely the assumption that C v and C* commute when applied to the Hardy space 
functions f(z) = 1 and f(z) = z reveals that if C v : H 2 (U) — ► H 2 (U) is normal, then tp(z) = cz for 
some constant c, jc| < 1 (see [6j Exercise 8.1.2]). Conversely, if tp(z) = cz, then is a diagonal 
operator relative to the orthonormal basis (z n )^ =0 of ff 2 (U) and thus is normal. 

For weighted composition operators, the normality question is much more interesting. Indeed, 
this paper is inspired by Cowen and Ko's characterization of Hermitian weighted composition 
operators [5], which reveals that with appropriate restrictions on ao and a±, the pair tp(z) = 
c/(l — oqz), p(z) = ao + a%z/(l — oqz) provide a weighted composition operator W^ )(p that is 
Hermitian whenever c is real. 
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In this paper, we characterize those weighted composition operators on H 2 (JJ) that are unitary 
and apply this characterization to describe all normal weighted composition operators on H 2 (JJ) 
that are induced by a selfmap <p of U which fixes a point in U. Our characterization of unitary 
weighted composition operators, which occupies Section O shows that every automorphism <p of 
U has a companion weight function ip such that m is unitary on H 2 (JJ). In contrast, only the 
rotation maps <p{z) = Qz, |£| = 1, induce unitary composition operators C v : H 2 (V) — > H 2 (U). 
Our description of all normal weighted composition operators on H 2 (U) induced by selfmaps tp of 
U fixing a point in U, which appears in Section HJ reveals that for such operators both ip and <p 
are linear fractional. In the "Preliminaries" section below, we establish that if W^p v is normal on 
H 2 (JJ) and ip ^ 0, then either ip is univalent on U or constant and ip(z) is nonzero at every z E U. 
At the conclusions of Sections [3] and HJ we present spectral characterizations of the unitary and 
normal operators identified in the section. 

In the final section of the paper, we point out that the weight functions ip that give rise to 
weighted composition operators W^p v that are unitary, Hermitian, or normal (with inducing map 
fixing a point of U) all have the same form, and then determine when such ip can pair with a linear 
fractional p to produce a normal operator W^^. 

2. Preliminaries 

Here we collect some background information necessary to our work and then present some 
simple necessary conditions for W^ tV : H 2 (JJ) — > H 2 (V) to be normal. 

2.1. Reproducing kernels for H 2 (U). The Hardy space H 2 (U) is a Hilbert space with inner 
product 

oo 

(f,g)=J2f(n)W), 

n=0 

where (f(n)) and (g(n)) are the sequences of Maclaurin coefficients for / and g respectively. The 

/ „ \l/2 

norm of / E H 2 (V) is given by (X^^Lo l/( n )| 2 ) or i alternatively, by 
(1) \\f\\h<m = ^j^\f 

where f(e lt ) represents the radial limit of / at e lt , which exists for a.e. t £ [0, 2tt). 

Let h £ H°°(V), the Banach algebra of bounded analytic functions on U with ||/i||oo = sup{|/i(2i)| : 
z E U}. The integral representation of the H 2 (U) norm makes it clear that || hf \\ H 2 m < IHIooll/Hj^u) 
for each / G H 2 (V). Thus, the multiplication operator : H 2 (U) — > H 2 (U), defined by M^f = hf, 
is bounded and linear on H 2 (V). When ip € if°°(U), note that we may write v = M^C V and 
ll^ll < = llVllooll^H. 

For each (3 G U, let Kp = 1/(1 — (3z). Then Kp € H 2 (U), and it is easy to see that for each 
function / G H 2 (U), 

(f,K p ) = f(p); 

thus, Kp is the reproducing kernel at (3 for H 2 (JJ). We make extensive use of the following simple 
and well-known lemma. 
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Lemma 1. Suppose that W^^ : H 2 (V) — » H 2 (V) is bounded and G U. Then 



Proof. Let / be an arbitrary function in H 2 (\J). We have 



(AV/j) = y>f°<p,K{i) = il>(P)f(<p(P)) = (f,1>(P)Km) 

and the lemma follows. □ 

2.2. The Denjoy- Wolff Point uj. Let 99 be an analytic selfmap of U. For n a nonnegative integer, 
let ip^ denote the n-th iterate of ip so that, e.g., is the identity function on U and <p^ = <p o (p. 
If (p is not an elliptic automorphism of U, then there is a (unique) point u in the closure U~ of U 
such that 

u = lim <pW(z) 

n^oo 

for each zeU. The point uj, called the Denjoy- Wolff point of <p, is also characterized as follows: 
if \lo\ < 1, then ip(u>) = u> and |y'(cd)| < 1; if uj G <9U, then = w and < <p'(uj) < 1. If 

\lu\ = 1, then p(uj) represents the angular (non-tangential) limit of ip at uj and <p'(uj) represents the 
angular derivative of <p at uj. The location of the Denjoy- Wolff point and the behavior of iterate 
sequences ((p^ n \z)) as they approach the Denjoy- Wolff point strongly influence properties of the 
weighted composition operator W^ )tp . To see how spectral behavior varies with location of uj, see, 
e.g, [21 Section 5]. 

2.3. Cowen's formula for the adjoint of a linear fractional composition operator. As we 

have indicated, we will show that when is unitary or when it is normal and <p fixes a point 

in U, the inducing map ip must be linear fractional and the weight function tjj must be both linear 
fractional and bounded on U. Thus = (M^C V )* = C*MX, and hence Cowen's formula for 

the adjoint of a linear fractional composition operator becomes quite important to our work. 

When <p{z) = (az + b)/{cz + d) is a nonconstant linear fractional selfmapping of U, Cowen [4J 
establishes 

(2) C* v = M g C a M* h 

where the Cowen auxiliary functions g, a and h are defined as follows: 

/ \ 1 / \ az -c 
g{z) = — = z , cr[z) = — , and n(z) = cz + a. 

— bz + d —bz + d 

2.4. From the unit disk to the right halfplane and back. The function T(z) = (l + z)/(l — z) 

maps the unit disk U univalently onto the right halfplane II. If ip is selfmap of U with Denjoy- 
Wolff point 1, then $ := T o ip o T~ 1 is a selfmap of II with Denjoy- Wolff point infinity (meaning 
$[ n l(w) — ► 00 as n — > 00 for every w € II). 

In the sequel, we will use generic formulas for linear fractional selfmappings of U having Denjoy- 
Wolff point 1. These formulas are easily derived using the correspondence between U and IT provided 
byT. 

Suppose that p is a linear fractional selfmap of U with Denjoy- Wolff point 1 such that (p(l) = 1 
and ip'(l) = 1. (Thus tp is of parabolic type.) It is easy to see that <3?(w) = (T o(poT~ l )(w) = w + t, 
where Re (t) > and is nonzero. (Note Re (t) = if and only if cp is an automorphism.) Hence, 

(3) p{z) = T-\T(z)+t)- « 2 -')-- + / 



-tz + (2 + t) ' 
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Suppose that 99 is a linear fractional selfmap of U such that p(l) = 1 and <p'(l) = b < 1. (Thus 
(p is of hyperbolic type.) It is easy to see that $>(w) = (T o p o T^ 1 ){w) = rw + t, where r = 1/6 
and Re (t) > (and Re (t) = if and only if p is an automorphism). Hence, 

(4) tp(z) = T-\T(z) + t)= (l + r-*)z + r + t-l 

2.5. Two necessary conditions for normality of W^^. 

Lemma 2. If W^m is normal then either ip = or ip never vanishes on U. 

Proof. Suppose W^ ttp is normal and ip{j3) = for some in U. Then by Lemma [IJ Kp = 

ip(f5)K^ = 0. Since Wf jV is normal, ||W^ )V ,ifa|| = || W^ff/^. Therefore, HW^if^H = and 

thus = for every z in U, which implies ip = 0. Thus, if W^ tlfi is normal either ip. = or ip 

is nonzero at each point in U. □ 

Proposition 3. Suppose W^ tV is normal. If p is not a constant function and if) is not the zero 
function then p is univalent. 

Proof. Suppose <p is not univalent on U and is nonconstant. Then there exist points a and b in U 
such that a ^ b and p(a) = <p(b). Since if) ^ 0, from Lemma El we conclude that ip(a) ^ and 
^(6) ± 0. Let 

K a K b 
9 W) W) 

and observe g is a nonzero function in H 2 (\J). We have = by Lemma [TJ Since W^ }t p is 

normal, ||W^, )¥ ,g|| = \\W1 v g\\ = 0. But ||W^, j¥ ,</|| = implies g o p is the zero function. Since ip is 
nonconstant, g must vanish on a nonempty open subset of U and hence g must be the zero function, 
a contradiction. Hence ip is univalent. □ 

3. Unitary weighted composition operators 

Suppose that tp is the constant function zh ft for /3 G U. Then W^ )lf annihilates any function in 
H 2 (U) that vanishes at j3 and hence Ww,m cannot be norm-preserving and thus cannot be unitary. 
Hence if W^, jip is unitary, we may apply Proposition [3] to conclude that ip must be univalent on U. 
In fact, p must be an automorphism of U. 

Proposition 4. Suppose that W^p tp '■ H 2 (U) — > H 2 (U) is unitary. Then tp must be an automorphism 
ofU. 

Proof. Because unitary operators are norm preserving, we see 

1 = 11^111 = 11^11. 
In addition, if f(z) = z, then ||/|| = 1 and 

1 = \m )V f\\ = 

Since |(/?(e l *)| < 1 for a.e. t € [0, 2ir) and both H^H and \\ipip\\ are 1, the integral representation [T] of 
the norm on H 2 (\J) shows that | ^(e* £ ) | = 1 a.e. on U so that p is an inner function. However, as 
we have indicated, thanks to Proposition (3J we know p is univalent. It is not difficult to see that a 
univalent inner function must be an automorphism of U (see, e.g., [6j Corollary 3.28, p. 152] ), and 
the proposition follows. □ 
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Now we identify what form the multiplier ip must take in order that W^u, be unitary. Because 
any automorphism p> of U must take the value at some (3 in U, the following proposition shows 
that if Wip jtp is unitary, then ip = ck^-i^, where |c| = 1 and fc^-i( ) is the normalized reproducing 
kernel i^-i (0 )/ 11-^-1(0) ||. 

Proposition 5. Suppose the inducing map p> satisfies (f((3) = for some (3 6 U. IfW^^ is unitary, 
then 



V \\Kp\ 



where \c\ = 1. 



Proof. Suppose that W^ i<p is unitary; then W^^W^ Kp = Kp. Applying Lemma [TJ we can rewrite 
the preceding equation as 

W^ v W)Ko = Kp. 

Because Kq = 1, we obtain ipip{(3) = Kp, so that 

Evaluating both sides of the preceding equation at (3 yields |?^(/9)| 2 = Kp((3) = \\Kp\\ 2 and the 
proposition follows. □ 

Theorem 6. The weighted composition operator ^ is unitary on H 2 (\J) if and only if ip is an 
automorphism of J] and ip = cKp/\\Kp\\ where (p{(3) = and \c\ = 1. 

Proof. If Wyj, u> is unitary then <p is an automorphism of U by Proposition [5] and ip has the form 
claimed by Proposition 
To prove sufficiency, let 

(p(z) = r\— — =-, and ip = c- 



\-f3z T \\Kp\y 

where \rj\ = 1 and |c| = 1. The Cowen auxiliary functions of <p> are 

o-(z) = - = ip^iz), g(z) = - — L=-, and h(z) = 1 - (3z. 

1 - n(3z 1 - VP* 

Observe that g o <p = \Kp\^ jKp and ip o a = c\\Kp\\/g. 

Since M^M^ = c/\\Kb\\ is a constant, a = <p~ l , and = M^C^ (because ip is bounded), we 

see that 

W^Wl = M^C v M g C a MfiMl = jr^r -ip-gap- C a0(p = I 

\\Kp\\ 

and _ 

W^^W = M g C a M*M;M^ = ■g-if>oa-C vw = I. 

This completes the proof of the theorem. □ 

Unitary weighted composition operators Wd,u> divide naturally into three classes based on whether 
the automorphism p is (i) elliptic, (ii) hyperbolic, or (hi) parabolic. This observation is the basis 
for our spectral characterizations of these operators. 
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Theorem 7. Suppose that Wv, m is unitary. 

(a) If (p is elliptic, fixing p G U, then \(p'(p)\ = 1 and the spectrum ofW^^ is the closure of 
{^ipWipT ■ n = 0,1,2,...}. 

(b) // (p is hyperbolic or parabolic then the spectrum of W^^ is the unit circle. 

Proof. Suppose that W$<p is unitary so that ip = cKp/\\Kp\\, where p((3) = and ip is an automor- 
phism. We know the spectrum of W^p >(p must be contained in the unit circle. 

In case (a), is a normal operator whose inducing map <p fixes a point p in U. That the 

spectrum of W^ )V = {ip(p)ip' \p) n : n = 0,1,2,...} follows immediately from Proposition [TT1 of 
Section S] below, which characterizes the spectrum of any normal weighted composition operator on 
H 2 (\J) induced by a selfmap of U fixing a point in U. We wish to make clear here the connection 
between the form of our unitary weighted composition operators in this elliptic case and the form ([8]) 
of the normal weighted compositions described in the next section. By doing so, we will confirm that 
\ip(p)tp' (p) \ = 1, which must be true since the spectrum of W^ )(p is a subset of the unit circle. We are 
assuming p(p) = p. We can conjugate if by the self-inverse automorphism a p (z) = (p—z)/(l—pz) of 
U, obtaining that a p o<poa p = Qz for some unimodular constant Q\ in fact, ( = <p'(p). Equivalently, 
if = q p o (C a p)- Since (p((3) = 0, we see (3 = a p (C,p). Now observe that ip = cKp/\\Kp\\ is also given 
by 

1 - \p\ 2 C K p 

ip(z) = c - 1 . 

|1 _ |p|2^[ K p o ip 

Note ip(p) = c (l — b| 2 C)/|l ~~ Ip| 2 C| is a unimodular constant. Thus in case (a) we have 

K 

K p o ip 

Turning to case (b), let's initially assume that ip is of hyperbolic type, which means that <p has 
Denjoy- Wolff point uj G dU and <p'(oj) < 1. We employ the idea of the proof Theorem 4.3] to 
see that similar to QW^^ for every unimodular constant Q. Thus, the spectrum of W^^, 

which we already knew to be a subset of <9U, must be all of <9U. To see that W^ y, is similar to 
QWdtpi take £ = e td . To establish similarity, one can use the function / identified in the proof of 
[3 Theorem 4.3]: this function satisfies f,l/f G H°°(V), and C v f = e i6 f. It is easy to see that 
M-'W^Mf = (W^. 

Now, we assume that <p is a parabolic automorphism and v is normal. We know by Theorem[6] 
that ip = cKp/ 1| K where |c| = 1 and p((3) = 0. Because p> is a parabolic automorphism, ip has 
Denjoy- Wolff point u G <9U and <p'(oj) = 1. Without loss of generality, we may assume that uj = 1. 
(If uj ^ 1, let U = C^z so that U is unitary and note UW^^U* = Wj, -, where <p(z) = uip(ojz) 

is a parabolic automorphism with fixed point 1 and ip = Kp/\\Kp\\ where (p([3) = 0.) Since <p is 
a parabolic automorphism with </?(l) = 1, We may assume that <p has the form given by ([3]) with 
Re (t) = and t + 0: 

(5) * {z) = -tz + (2 + ty 

We know the spectrum of is contained in the unit circle. That it equals the unit circle is a 

consequence of Theorem 19 of [5], or, more accurately, it follows from an argument just like that 
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of p2 Theorem 19]. For completeness we include a proof. Let A < be arbitrary. We show that 
there is a unimodular constant v such that 



~ ve xt I 

is not bounded below on H 2 (U), which, since t nonzero and pure imaginary and A < is arbitrary, 
will complete the proof. 

We are assuming ip is given by ©, so that <p({3) = where f3 = t/(t — 2). Its companion weight 
function has the form 

Kp 2c 2 + t 

ib = c- — — -- = — , , 

\\K P \\ ^/A + W 2 + t - tz 
where we have used t = —t since t is pure imaginary. The proof is based on the observation that 
G(z) = exp (A-j^fJ satisfies 



c(2 + t) ,e-G. 



Let v = c(2 + 1)(4 + Itj 2 )^ 1 / 2 so that v is a unimodular constant and W^mG = ve xt G. It appears 
that the point spectrum of W^ u> contains the unimodular constant ve xt for every A < 0. However, 
G is not in H 2 . The idea of the proof of Theorem 19] is to modify G as follows 



G s (z) 



s — z 



■ exp A 



l + z 
'1^ 



so that G s G H 2 {\]) for every real number s such that s > 1, and then show 



(6) 



W, 



Gs 



G s 



ue 



\G S 



as s — > 1" 



Because S\(z) := exp f A^| ) is an inner function, \\G S \\ 2 = \\l/(s-z)\\ 2 = s 2 \\K 1 / S \\ 2 = l/(s 2 -l). 
A computation shows 

W^Gs = e xt 2u 



1 



■ exp A 



l + z 



(t- st- 2)z + 2s + st-t 

Thus, since v is unimodular, t is pure imaginary, and S\ is inner, we see the norm on the left of 
([6]) simplifies to 



Vs 2 -1 



1 



(t - st - 2)z + 2s + st - t s- z 



Vs 2 -l 



1 



2S + St — t 2s-st+t 



where we used t = — t in obtaining the reproducing kernel representation of the fraction on the left 
within the norm. Expanding 



1 



1 



2s + st — t 2s~st+t s 2s + st — t 2 S -st+t s 



yields (since t is pure imaginary) 

4 



+ 



1 



1 



\2s + st-t\ 2 -\2- st + t\ 2 s 2 -l (s-1 

2 8(s + l 



Re 



1 



[2{s + I) - st + t) 
1 



1 s-1 4(s + l) 2 + \t\ 2 {l-sf 
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Multiplying the quantity on the right of the preceding equation by s 2 — 1 and taking the limit as 
s — > 1 + yields 2 — 2 = and we have established ([!]), and hence completed our proof that the 
spectrum of W^ i<p is the unit circle. □ 

4. Normal W^ )(p with ip fixing a point of U 

If : H 2 (\J) — > H 2 (\J) is normal and ip(p) = p for some p E U, then it is easy to prove that 

the weight function ip has a simple, linear fractional form. 

Proposition 8. Suppose that ip has a fixed point p E U and is normal. Then 

K 

ip = ip(p)- 



K p o ip 
Proof. We have 

so that K p is an eigenvector for with corresponding eigenvalue ip(p). Since W^ iV , is normal 

K p is an eigenvector for W^ j(f with corresponding eigenvalue ip(p) and we must have 

(7) ip(p)K p = W^Kp = ipK p oip, 

from which the proposition follows. □ 

Because Kq = 1, the preceding proposition immediately yields: 

Corollary 9. Suppose that ip(0) = 0. Then W^, j¥ , is normal if and only ififi is constant and C v is 
normal. 

Theorem 10. Suppose that <p has a fixed point p£U. Then W^u, is normal if and only if 

K 

(8) ip = 7 p — and (p = a p o (5a p ) 

KpOip ' 

where a p {z) = (p — z)/(l — pz) and 5 is a constant satisfying \5\ < 1 while 7 is a constant giving 
the value of ip at p . 

Proof. Suppose that W^ s(p is normal. Let ip p = Since a p is an automorphism taking p to 

we know from Theorem [6] that W^ v ^ ap is unitary. It follows that the operator 

L:= (W; ptCtp )(W^)(W^ ap ) 

is normal. Let a, g and h be the Cowen auxiliary functions for a p so that a = a~ l = a p and 
h(z) = l—pz, g(z) = 1/(1 — pz). Observe 

(9) C* ap = M g C ap M* h and M* h M^ p = (M^ p M h )* = M mKp \\. 
Setting n = l/\\K p \\ and using Q, we find 

L = C olp M^p p M. l pC i pM. l p p C ap = [iMgMip oap M 1 f )p0i p 0ap C ap0l p 0ap = MqC ap0l p 0ap , 

where q € i?°°(U) is given by q = \ig ■ ip o a p ■ ip p o ip o a p . Since L = W q ~ otpoa is normal and its 
inducing map a p o ip o a p fixes 0, we may apply Corollary [9] to conclude that q must be a constant 
map and C ap0ipoap must be normal. As we noted in the Introduction, because C ap0ipoctp is normal on 
H 2 (V), there must be a constant 8 with \S\ < 1 such that a p oipoa p = 5z and we see ip = a p o(5a p ), 
as desired. We can confirm that q = fig • ip o a p ■ ip p o o a p is constant and determine its value by 
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a straightforward computation. We know from Proposition [8] that tp = ip(p)K p /\\K p \\; substituting 
this formula for ip into \xg ■ ip o a p ■ ip p o ip o a p and simplifying yields q = ip(p). 

We now must show that if tp and cp have the forms specified in (JSj) , then W^u, is normal. We 
have 

(m\ f \ fx f \\ ~ S) + (S - \p\ 2 )z 

(!0) = «p(*«p(*)) = l _ W5 + p{ s_ l)z - 

Without loss of generality, we take 7 = 1 so that 

K p (z) 1-H 2 



^ K p (<p{z)) l-\p\H-p(l-8)z- 
We show that 

(12) w^ ap c 5z w; ptap = w+„ 

so that W^hm is unitarily equivalent to the normal operator C$ z and hence is normal. Using Q, we 
see 

w;^ ap = -^-M g c ap , 

1 1 -"-pi I 

where g(z) = 1/(1 — pz). Thus 

K 

( 13 ) W i>p,a p CszW% p>ap = TT^g {$a p )C ap0{S a p )- 



pz 



Now 

substituting the preceding formula for g o (5a p ) on the right of (fT3|) . using l/H-fTpH 2 = 1 — \p\ 2 , and 
(fTTl), we obtain (fl2!). as desired. □ 



As a corollary of the proof of the preceding theorem, we obtain a spectral characterization of 
any normal weighted composition operator on H 2 (\J) induced by a selfmap ip of U fixing a point 
in U. 

Proposition 11. Suppose that cp has a fixed point p € U and that W^h v is normal. Then the 
spectrum of W^ j(p is the closure of {ip(p)cp' \p) n : n = 0, 1, 2, . . .}. 

Proof. Because W^, iV , is normal and <p{p) = p for p E U, we know from the proof of Theorem fTU] 
that W^ >ip is unitarily equivalent to ip(p)Cs z , where tp(z) = a p o (5a a ). Because 5 = tp'(p) and 
the spectrum of Cg z is the closure of {5 n : n = 0,1,2,...}, the unitary equivalence of to 
i J (p)C' ip i( p ) z shows that the spectrum is the closure of {tp(p)ip' {p) n : n > 0}, as desired. □ 

Continuing with the notation in the proof of the preceding proposition (arising from ([8])), we 
remark that in case \5\ = \tp'(p)\ < 1, the operator W^ tV is compact and the spectral characterization 
of Proposition 1111 follows from Theorem 1]. In case \5\ = 1 and I7I = 1^(^)1 = 1 ; the operator 
Wib >t p is unitary and we obtain the spectral characterization promised by part (a) of Theorem fTJ 
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5. Normality when the inducing function has Denjoy- Wolff point on d\J 

There are normal weighted composition operators W^ tV where ip is nonautomorphic and has 
Denjoy- Wolff point on the unit circle. In fact, Cowen and Ko [5i] have shown that for every t > 
the parabolic map <p(z) = T^ 1 (T{z) + t), where T{z) = (1 + z)/(l — z), has a companion weight 
function ip such that W^ w is Hermitian. The weight function ip in this situation is again linear 
fractional. The general form of the weight functions ip that correspond to Hermitian weighted com- 
position operators (characterized in [5]), to unitary weighted composition operators (characterized 
in Section [3] above), and to the normal weighted composition operators (characterized in Section [4] 
above) is easily seen to be given by 

(14) i;(z) = pK a{0) (z) 

where a is the Cowen axillary function for the linear- fractional inducing map ip and p is a constant. 
The following theorem reveals what is required for normality of a weighted composition operator 
W^ u), where ip is linear fractional and ip has form (|14p . 

Proposition 12. Suppose 

, . az + b 

<PW = — —5 
cz + a 

is a linear fractional selfmap o/U and ip = K a r \ where o~{z) = {az — c)/{—bz + d). Then W^ tV is 
normal if and only if 

(15) H 2 C ^ C 
{ j |d| 2 - |6| 2 - {la - dc)z aoip ~ |d| 2 - |c| 2 - {Id - 4a)z v™' 

Proof. Recall C* = M g C a M^, where g{z) = l/{—bz + d), h{z) = cz + d, and a is given in the 
statement of the proposition. Note that K ff ^(z) = C z+d an< ^ ^<r(o)h = d. Thus, 

(W; >tp W^)f = M g C a M* h M* Ka(o) M K ^ = d-g- K a(0) oa-fopoa, 
which simplifies to the right-hand side of (|15|) applied to /. Similarly, 

(W^W^f = d- K ai p) - goip-foaoip. 
simplifies to the left-hand side of (I15p applied to /. □ 
Given the results of Section above and from Section 5 of [5], the following result is expected. 

Proposition 13. Suppose that ip is a linear fractional selfmap of parabolic type and ip = K a ^, 
where a is the Cowen auxiliary function for (p; then is normal. 

Proof. Let to be the Denjoy-Wolff point of tp so that \u\ = 1, p{u>) = u, and ip'{oS) = 1. Just as 
in the proof of Theorem [TJ by considering conjugation via C uz , we can, without loss of generality, 
assume that u> = 1. 

Because ip is parabolic and fixes 1, it has the from given by ([3]): 

(2-t)z + t 
^ = -tz + (2 + ty 
where Re {t) > 0. The condition (fT5|) of Proposition [12] becomes in this situation 

|2 + t| 2 r \2 + t\ 2 



|2 + t| 2 - |t| 2 -4Re(i) |2 + t| 2 - |i| 2 -4Re(t) 
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Because (p and a have the same fixed point set, they must commute: a o ip = tp o a, and the 
normality of Wf <p follows. □ 

Suppose that cp is of hyperbolic type with Denjoy- Wolff point to 6 dU and p'iuj) = b < 1. 
Without loss of generality we again assume u = 1 and hence y has the form ([4]) : 

, , (l + r-t)z + r + t-l 

W U = r , 

Yy ' (r-t-l)z + l+r + t 

where r = 1/6. Suppose a <p of this form induces a normal weighted composition operator under 
the conditions of Proposition [T2j Then, applying both sides of ([15]) to the constant function 1 and 
evaluating the result at z = 0, we obtain 

|l + r + i| 2 _ |l + r + i| 2 

|1 + r + i| 2 - \r + t - 1| 2 ~~ |1 + r + t| 2 - |r - i - 1| 2 ' 

It is easy to see that this condition implies Re (t) = so that <p is an automorphism. Thus, no 
hyperbolic non-automorphic linear fractional map (with to G <9U) can induce a normal weighted 
composition operator under the conditions of Proposition [T2J Some evidence that this is true in 
general may be found in whose results show that 

Wrt,u> cannot even be essentially normal if ip is, say, C 1 on the closure of U and tp is 
linear- fractional nonautomorphism with Denjoy- Wolff point u £ dV and <p'(co) < 1. 
Suppose tp is C 1 on the closure of U and ip is a linear-fractional nonautomorphism having Denjoy- 
Wolff point uj G dU. Then Lemma 3.3 of pQ shows that W^ iip is equivalent to ip(u)C v modulo 
the compact operators; moreover, if (p'(u) < 1, then Theorem 5.2 of [lj shows that tp(uj)C,p is not 
essentially normal, so that in this situation W^ tlfi is not essentially normal. 
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